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Elastoviscoplastic Buckling Behavior of Simply
Supported Columns
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Georgia Institute of Technology, Atlanta, Georgia 30332
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The elastoviscoplastic buckling behavior of simply supported columns is investigated. The analysis is based
on an incremental formulation that can deal with nonlinear geometrical and constitutive relations. Both vis-
coelastic and viscoplastic models are discussed, and Bodner-Partom’s constitutive equations are used in the
viscoplastic case. A numerical example is given to demonstrate the buckling behavior of columns under various

temperature and loading levels.

Introduction

HE problem of stability of columns is one of the fun-

damental problems in mechanics. The earliest work can
be traced to Euler, who first introduced the elastic critical
load for slender columns that is still widely used in engineer-
ing. In the last four decades, considerable attention has been
focused on the buckling behavior of viscoelastic materials.
The reason for continuing research is that current engineering
requires not only the establishment of critical loads but also
the details of the response of the structure under complex
loading conditions, which include elevated temperature, time-
dependent behavior, etc. In the high-temperature case, life
prediction is of primary importance.

With regard to solution methodology, Stubstad and Simitses!
proposed a differential formulation for one-dimensional prob-
lems that involves nonlinear kinematic and nonlinear material
effects. The method can decouple the temporal and spatial
dependence so that the general solution can be treated as a
sequential combination of solutions of a nonlinear boundary
value problem and a nonlinear initial value problem. The two
groups can then be solved separately. Using an integral trans-
form method, Dost and Glockner® investigated the dynamic
stability of viscoelastic perfect columns. Subsequently, Szysz-
kowski and Glockner® studied the dynamic response of im-
perfect viscoelastic columns with Laplace transforms being
used in both references.?* Because of the complexity of the
inverse of the transform, some numerical calculations were
employed in order to obtain the final resuits. Vinogradov*
suggested a quasielastic method to study the behavior of vis-
coelastic beam columns and gave some comparisons with an-
alytical results. In order to solve the viscoelastic problem
efficiently, Stubstad and Simitses® introduced a bounding so-
lution scheme for geometrically nonlinear viscoelastic prob-
lems. Both upper and lower bounds were established by
bounding the convolution integral of the governing nonlinear
Volterra-type integral equation. This method can substan-
tially reduce the computational effort required for numerical
evaluation.
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The models used by most researchers correspond to vis-
coelastic behavior with limited or unlimited creep. Figure 1
shows the mechanisms of two types of material models. The
shortcoming of these kinds of material models is that they
assume that creep will occur at any stress level. However, as
proposed by Perzyna® and confirmed by other investigators,
creep is physically meaningful only after the stress reaches
some level, which implies that a threshold is needed in the
constitutive equation. It should be realized that since the small
deflection introduced by the deviation from the true material
behavior can lead to further loading and further deflections,
the use of these viscoelastic material models needs special
care as it implies certain limitations. Another limitation for
these material models is that they can only be applied to rather
long coiumns.

The unified constitutive equations developed in recent years,
on the other hand, can serve as the material model in the
analysis of buckling of columns. The model can cover elastic,
inelastic material behavior, and temperature effects, simul-
taneously. Unlike the traditional approach, it does not sep-
arate the inelastic deformation into time-dependent (creep)
and time-independent (plastic) deformations. Instead, it de-
scribes the deformation in terms of not only current mechan-
ical quantities but also in terms of several state variables. The
state variables are employed to characterize the deformation
history. Thus, the path-dependent behavior of material can
be better represented.

There have been several unified constitutive models ad-
vanced,” and among them the Bodner-Partom’s model® has
application over a wide range of strain rates and temperature.
The equation is expressed in exponential form, which has the
desirable feature that the strain rate is small, essentially neg-
ligible, at low stress levels until a threshold value is reached
and it then increases with a slope determined by a parameter.
Both scalar and tensor internal variables are introduced into
the constitutive equation to represent isotropic hardening and
directional hardening. The model appears to be in good agree-
ment with experimental tests, as noted in Refs. 8 and 9.

The difficulty in using unified constitutive equations is the
increase in mathematical complexity. The constitutive equa-
tions are a group of strongly coupled nonlinear differential

E, E, n,
n .

Fig. 1 Three- and four-element viscoelastic models.
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equations. In general, numerical methods are employed to
solve a specific boundary value problem or initial value prob-
lem. In order to avoid the large number of subiterations in
the calculations of a finite element procedure, Tanaka and
Miller'® proposed a unified numerical method to integrate the
stiff time-dependent constitutive equations. The asset of the
method is that it eliminates the need to integrate the consti-
tutive equations iteratively. Two phases, the process phase
and the solution phase, are introduced in the overall solution
procedure. In the process phase, the stiffness matrix and initial
stress vector are produced and then the displacement incre-
ments are solved globally. In the solution phase, the strain
increments are substituted back and so the increments of stresses
and state variables as well as other quantities can be solved
locally. In one-dimensional cases, the procedure is relatively
simple.

In this paper, an incremental formulation is proposed to
analyze the buckling behavior of simply supported columns
for various temperature and loading levels. The Bodner-
Partom model is employed to represent the thermoelasto-
viscoplastic material behavior. As an example, B1900+Hf, a
material that is used extensively in the gas turbine industry
for high-temperture components, is presented. Results show
that the model can predict both critical loads and postbuckling
behavior under various temperature and load levels with the
analysis not limited to long columns.

Incremental Formulation

Without derivation or proof, the equilibrium equation for
an imperfect, simply supported column is given by

M = Pw. + ) =0 (1)

where M is the moment, w the deflection, and w® the small
initial geometric imperfection. Integrating the equation twice
and using the boundary conditions to eliminate the constants,
the equilibrium equation becomes

M= Pw + w' =0 )

Suppose that, at any instant ¢ (position a), the moment, axial
load, and the deflection are denoted by M, P,, and w,, re-
spectively. Then, after a small time interval, the moment,
load, and deflection are

M=M,+ AM (3a)
P =P, + AP (3b)
w=w, + Aw (3¢)

Substitution of these relations into Eq. (2) and use of equi-
librium at position a yields

AM — (P, + AP)Aw = AP(w, + w") 4

At any instant, the stress increment can be expressed as
Ao = CAe — Af (5)

where C and AZ are functions of temperature, deflection, and
state variables at that instant. Using the relation

AM = [ Aoy dy,  Ae = —yAw,,
and Eq. (5), the incremental equation, Eq. (4), becomes

J Cy*dyAw ., + (P, + AP)Aw

= —AP(w, + w')— [ AZy dy (6)
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Now let

. nTX . nmx
Aw = Aw_sin — , w'= Aw,. sin ——
¢ I /

which satisfies the boundary conditions, and assume

nwx

Al = A, sin ]
where the subscript ¢ denotes the quantities at the middle of
the column. Substituting these relations into Eq. (6) and let-
ting n = 1, one can obtain the relation between the deflection
increment and axial load increment,

AP(w,. + w9 + [ ALy dy
- 7
AW = oy [ Oyt dy — (P, + AP) 7

where P, = ZAP and w,. = ZAw,.

The incremental formula can be written in terms of the
displacement increment, so that the postbuckling behavior
can be obtained. In this case, the formula becomes

_ Aw(w?) [ Cy?dy — (P, + [ ALy dy)

W + W) + Aw,

AP (8

Some explanatory remarks are relevant at this point.
1) For linearly elastic material behavior, A{ = 0 and C =
E. Moreover, [ Cy*dy = EI. Then, Eq. (7) yields,

AP(w,. + wd)
= DT Wee T o) 9
AW = B (P, T AP) )

where P, is the elastic Euler load. It is clear that the sum of
the accumulated load and the incremental load tends to the
critical load, the deflection increment becomes very large and
eventually infinitely large.

2) In the limited viscoelastic (creep) case, the constitutive
equation is

E, + E
+—1—€20'= Ef(é + =Z¢) (10)
n

where the meaning of the parameters are shown in Fig. 1. If
written in implicit incremental form, Eq. (10) becomes

Mo = Epe - ME: [(E1 + E)o

E. - Ela] (11)

Comparison of Eq. (11) with Eq. (5) yields

-k AL = AIE, [(151 + E)o Elg}

n E,

The critical creep load can be obtained by letting AP = 0 in
Eq. (7). In this case, if the term [ Aly dy > 0, there will be
sequential deflection increments. Therefore, the criterion for
a safe load is

JAlydy =0
which leads to

E,
E—‘;————:P(wu + w') + Elw

=0

a.xx
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or

v
I

_(E, + E; W,e n’mw?E
<« E, W, + wd 12
E, + E, w,, P,
E, w, + wl

where P,, = (7 E,J)/[*> when n is taken to be 1. If we neglect
the initial imperfection, the result will be the same with the
conclusion given in Ref. 2.

3) In the elastoviscoplastic case, the Bodner-Partom con-
stitutive equations for the one-dimensional case can be written
as

& = & + &Y, z==z +x (12a)
N 2 1/z .
&v = floz) = ek i (0) Doexp | = 2| = (12b)

% = g(o,&Vx) = my(Z;~ x)oe™ — Z,Z, (%—) (12¢)
1

2 = h(o,&eN,2) = m(Z, — z))oeN
7 - Z,\"
- 2,Z;s < Z, “) (12d)

where £° and &V are the elastic and inelastic strain rates,
respectively. There are two state variables, z* and x, where
Z' represents isotropic hardening and x represents directional
hardening. In order to simplify the problem, isotropic hard-
ening is neglected in the present calculations. In the consti-
tutive equations, Eqs. (12), Dy, n, Z,, Z,, Z5, Z,, Zs, 1y, 1,
are material constants. Some of them are temperature de-
pendent.

Using Tanaka and Miller’s method, ' the increment of stress,
strain, and state variables at any small time interval At =
* — 1° are expressed as

Ao = A{(1— n)d® + no’} (13a)
Ae = AA(L — m)és + me?) (13b)
AeV = AH(1 — n)N« + net} (13¢)
Av = Ad(1 — m)Ee + net) (13d)

where 7 can be taken from 0 to 1. Using the Taylor expansion
and retaining only linear terms, the constitutive equations
become

gV = fe 4+ fo Ag + fo Ax (14a)
B =gt g,Ac + ginAeY + g A (14b)
& = C(s0 — &) (14c)

With the help of Egs. (13), the quantities at the end of the
time interval can be eliminated. Then, Eqs. (14) can be writ-
ten as

RN IS TV B it
g

— g, —ghn ] = mAigs 0 |\ TF
1 E 0 -F Ae

Mg = n (& = £
R Rt

(15)

Equations (15) with four unknowns can be partially diago-
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nalized, and then, the first three unknowns can be expressed
in terms of Ae,

Ao = CAe — AL, Ax = —AAe + By

where

1 — AA,

C =
ET—AE"

A,B
A¢ = E<Bl—'rt%zig>
1

2n
2nz?" 1/(z
A, = —nArsgn (0) D"W exp [—5 <-—) ]

(e
2nz2n*1 1 Z -
A, = mAt sgn (o) g OXP [_ 2 <;) ]

Ay = —my(Z; — x)o

-1
A, = 1 + nAt |:m30'5"" + Zor, <—x—> ]
Z,
As = —nAmy(Z5 — x)&V
W AsE(L = AE) - A\E(A, ~ AE)
.=

A4(1 - AIE) - Az(A3 - ASE)
B, = Ar[(1 — )& + nf ]
o= Arf(xe + AsM) — (e — g)]

— Bz(l _ A1E) _ Bl(A3 — ASE)
A4(1 - AIE) - Az(As - ASE)

B;

Here, C and Al are the quantities required in the incre-
mental formulation and Ax is used in the calculation of the
next step.

Numerical Example
A numerical example is given for the material B1900 + Hf.®

The material constants are m, = 0.27 MPa~!, m, = 1.52
MPa~-!, Z, = 3000 MPa, Z, = 1150 MPa, r, = r, = 2, and
D, = 10,000 s~!'. The temperature-dependent constants are

given in Table 1. For values in a temperature interval, linear
interpolation is performed for their approximate estimation.
The elastic modulus for the material is

E = 198,700 + 16.787 — 0.103472 + 0.000011437° MPa

Figure 2 gives the critical load vs temperature for a column.
The vertical coordinate for curve 1 is the critical load divided
by the Euler load computed by using the value of the elastic
modulus corresponding to the current temperature. The crit-
ical load before 800°C is nearly the same as and close to the
Euler load. The critical load beyond 800°C decreases dra-
matically and the nondimensional load is 0.491 when the tem-
perature reaches 1090°C. Curve 2 is the critical load divided
by the Euler load at room temperature. The critical load
continuously decreases as the temperature increases. In the
first stage, the decrease is mainly caused by the decrease in

Table 1 Temperature-dependent constants for B1900 + Hf

Temperature, °C

Constants T = 760 871 982 1093
N 1.055 1.03 0.850 0.70
Z, (MPa) 2700 2400 1900 1200
Z,(=Zs5)(s™ 0 0.0055 0.02 0.25
Z, (=Z,)(MPa) 2700 2400 1900 1200
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Fig. 3 Postbuckling curves.

the value of the elastic modulus, whereas in the second stage,
the decrease is caused by changes in other material parameters
as well. Figure 3 shows the postbuckling behavior of the col-
umn. The horizontal coordinate is the nondimensional central
deflection of the column, whereas the vertical coordinate is
the nondimensionalized load corresponding to curve 1 in Fig.
2. Note that for T < 1000°C, the transition from the primary
path to the secondary path is smooth (limit point on that
curve). On the other hand, for T = 1000°C, the transition is
sharp (cusp-like limit point). Small additional deflection from
the equilibrium position could lead to a bigger decrease in
the load carrying capability. Figure 4 gives the postbuckling
curve in which the nondimensional critical load is plotted vs
midpoint deflection. The nondimensionalized Euler load cor-
responds to room temperature. Figure 5 shows the critical
load for columns of different slenderness ratios at room tem-
perature. The curve coincides with the Euler buckling load
curve at high slenderness ratios and gives correct load capa-
bility for the short columns (short column range). Figure 6
shows the creep behavior of a column. The temperature is
kept at 900°C during the calculation. It takes 140 min to
increase the load to the respected level and then keep the
load constant. For the case in which the loading levels are
0.98 and 0.96, the critical times (to creep) are 570 and 2500
min, respectively. Therefore, in high-temperature cases, the
critical time (to creep) for columns is very sensitive when the
load level is close to the critical load.
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Fig. 6 Creep behavior for a column.

Conclusions

Anincremental formulation is given for the viscoplastic and
viscoelastic postbuckling behavior of simply supported col-
umns. The formulation has the advantage of presenting phys-
ical meaning and computational simplicity.
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The nondimensional critical load for siender columns will
decrease significantly when the temperature reaches a certain
level. Below this value, the critical load is close to the Euler
load.

The formulation works not only for slender columns but
also for short and medium ranged columns. Therefore, no
separation or special care is needed in calculations when dif-
ferent slenderness ratios are involved.

At high temperatures, the structure is very sensitive to small
initial imperfections. The transition from the primary path to
the secondary path becomes sharp; therefore, small external
disturbance could then lead to the failure of the structure.
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